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: 1 Introduction. 
(N 

i-C ■ A geodesic on a semi-Riemannian manifold is a extremal curve of the energy functional. In the 
I '. Lorentzian case, causal geodesies (see definitions in Section 2) are also curves which maximizes 
\ locally the time-separation, in a similar way as the geodesies of a Riemannian manifold minimize 
CN \ locally the associated distance. So, when certain problems about causal geodesies are studied, 
the next two points of view appear naturally. The first one, which we will denote CT (Causality 
Theory) exploits the properties of the time-separation. For example, the next results have been 
obtained by CT: 



bJO, 

CT-l In a globally hyperbolic spacetime there exists a causal geodesic joining each couple of 
^ , causally related points [2], [24]. 

> , 

O , CT-2 The existence of causal closed geodesies in certain compact Lorentzian manifolds [9], [10] 
[25]. 
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In CT the causal geodesies are characterized by a specific property of them, with a clear inter- 
pretation. Under the second point of view or VM (Variational Methods), causal geodesies are 
treated as particular cases of the extremal points of the energy functional and, after, their specific 
properties are taken into account. The next two topics have been studied by VM: 



" I 

^ ■ VM-1 The existence and multiplicity of timelike geodesies joining two given points in certain 
^ , spacetimes, as static, stationary and splitting type, see for example, [16]. 

VM-2 The existence of causal periodic trajectories [5], [7], [8], [17], [21]. 

In fact, the machinery of VM can be also applied to study non-causal geodesies and, so, the 
geodesic connectedeness of some spacetimes have been studied with it. Moreover, VM consider 
all the critical points of the energy (not only the maxima) and, so, it seems especially appropriate 
to study multiplicity results. In [22] a relation between VM-2 and CT-2 is studied. Our purpose 
here is to study the relation between VM-1 and CT-l. 

This paper is organized as follows. In Section 2 some notation and generalities are introduced, 
and we focus our attention in a general kind of product spacetimes = M x M.q, usually studied 
by VM. In Section 3 some natural conditions for the global hyperbolicity of such spacetimes are 
obtained. Proposition 3.1- Proposition 3.5. In Section 4 a function representing the "universal 
time" to travel from a point z ^ M. to a. "static trajectory" {{t,x)/t G M} C M. is introduced. 
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When this function remains finite, some results on geodesic connectedeness (Corollary 4.4), mul- 
tiplicity of timelike geodesies (Proposition 4.5) or non-existence of causal geodesies (Proposition 
4.7) are easily derived by using CT. In the last section, some open questions are stated, comparing 
the previous results with those obtained by VM. 

2 Generalities about spacetimes and notation. 

In this Section some well-known elemental properties about causality in spacetimes are reviewed; 
we also introduce the notation and define the spacetimes to be studied. Basic references as [3], 
[19] will be followed. 

A Lorentzian manifold {Ai,g) is a manifold Ai endowed with a non-degenerate metric g of 
index 1, (— , -|-, . . . , -|-). A Lorentzian manifold is a particular case of semi-Riemannian manifold, 
that is, a manifold with a metric which is assumed to be just non-degenerate and with constant 
index. In what follows, all the manifolds are connected, and all the objects are smoothly differen- 
tiable, except when something else is explicitly said. A tangent vector v G TAi is timelike (resp. 
lightlike; causal; spacelike) if g{v,v) < (resp. g{v,v) = 0, and v 0; g{v,v) < 0, and f 7^ 0; 
g{v,v) > or V — 0); note that, following [19], the vector is defined as spacehke. 

We will also assume that {M.,g) is time-orientable, and that a time-orientation (continuous 
choice of causal cones, which are called future cones) has been chosen; then, we will call spacetime 
to this time-oriented Lorentzian manifold. Given Zi,Z2 G Ai, we will denote, as usual, Zi << Z2 
(resp. zi < Z2; z\ < Z2) if there exist a future-pointing timelike (resp. causal; causal or constant) 
curve from zi to Z2; in this case, both points are said to be chronologically related (resp. causally 
related). The relations <<,< and < follow natural transitive relations; for example, Zi « Z2 
and Z2 < Z3 imply Zi « Z3. Given any subset ^4 C A^, its chronological and causal futures are 
defined, respectively, as: 

I+(A) ^ {z e M -.Jz' e A, such that z' « z}, J+(A) ^ {z e M : 3z' e A, such that z' < z} 

(the past subsets I^{A), J~{A) are defined dually). 

The length of a smooth curve 7 : [a, 6] — > is the integral: 



The time-separation or Lorentzian distance function S : x — > [0, 00] is defined as: 

E{zi, Z2) = SuplLi^j) : 7 is causal and future — directed, with 7(a) = 2:1, 7(6) = Z2}- 

If Z2 ^ I~^{zi), then its time-separation is 0. The time-separation may be infinite; in fact, if S = 00 
the spacetime is called totally vicious. 

A Cauchy surface is a subset S (necessarily a closed and connected topological hypersurface) 
which is met exactly once by any inextendible causal curve. A spacetime containing such a 
surface is called globally hyperbohc (this definition has several classical equivalences, which is not 
relevant to discuss here), and it is homeomorphic to WxS; moreover, all its Cauchy surfaces are 
homeomorphic [11]. In a globally hyperbolic spacetime the time-separation is finite (although not 
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necessarily bounded) and continuous, and the subsets J'^{zi) fl J~{z2) are compact. Even more, 
in a suitable sense the set of continuous non-spacelike curves joining Zi and Z2 is compact, which 
is the key to yield CT-1 in Section 1. Note that the causal relations and Cauchy surfaces are 
invariant under conformal transformations of the metric, even though 5 is not. 

Consider an open subset U C as a spacetime. Of course, its time-separation Eu may be 
different to the restriction S \u of the time-separation of M to U; in general, S[/ < S \u. In fact, 
for each p E Ai one can find a neighborhood U 3 p with a single causal behaviour as spacetime: if 
Zi,Z2 G U then Zi < Z2 in U if and only if there exist a causal geodesic 7 in ?7 joining them, which 
is unique up to reparametrizations and satisfies ^^(7) = 'E:u{zi, Z2). In this sense, causal geodesies 
maximizes locally the time-separation. 

In what follows we will consider the next kind of spacetime: M. is the product of the real numbers 
by another manifold = R x Ato, and the metric g at each z = {t,x) E M. is: 

9{{t, 0, (r, 0) = -Pi^y + 2 < S{z),C >T+< e >, V(t, O^T,M = Rx T,Mo, 

where /3 is a positive function on A4, < •, • > denotes a Riemannian metric on A4o (with associated 
norm || • || and distance dist{-, •)), is a symmetric positive operator on T^M-o and S{z) G T^Aio, 
all varying smoothly with z. The maximum (resp. minimum) eigenvalue of az will be denoted 
Xmax{z) (resp. \min{z))', uotc that the eigenvalues of vary (a priori just) continuously with z. 

Redefining, if necessary, 6 and a, there is no loss of generality in assuming that < •, ■ > is 
complete (see the Example A in Section 3), as we will do from now on. It is a single exercise to 
check that, under our assumptions, g is always Lorentzian. We will chose the time-orientation 
given by the natural vector field dt, and the function t (projection of Ai onto R) can be seen as a 
sort of universal time. 

As particular cases of interest, when g is indepent of the variable t, the spacetime is called 
stationary. In this case, we will write gn — < a{-), ■ > (which may be incomplete). If, moreover, 
S = then it is called static; that is, in this case (with natural identifications) g — —(5dt^ -\- gR, 
where /9 is a function on TVfo- 

Note that many physically important spacetimes are isometric to products as above; in fact, 
every globally hyperbolic spacetime is expected to be isometric to one of them. As well-known 
examples, we have: Robertson- Walker (and its generalized versions in [1]), Schwarzschild (as the 
outer as the inner region), Reissner- Nordstrom (each one of the three regions) and Kerr spacetimes 
(for a more specific study of spacetimes as the second region of Reissner-Nordstrom one, see [12], 
[14], [23]). 

3 Sufficient conditions for global hyperbolicity. 

Next, our aim will be to study when each slice Mt = {t} x Mo C is a Cauchy surface. The 
following single example may be useful. 

Example A. Consider an incomplete Riemannian manifold {Aio, 9r), and the Lorentzian product 
(M X Mo, —dt^ -\- gn). Clearly, for each shce Mt^ — {to} x Mo one can find an inextendible causal 
curve 7(5) = (t(s),a;(s)) with t{s) < to for all s. So, 7 does not crosses it and, thus, Mto is not 
a Cauchy surface. Fig. 1 (in fact, this spacetime is not globally hyperbolic, see Proposition 3.5). 
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Now, rewrite this example with a complete metric for A4o as follows. Take a factor > such 
that <■,■>= Q ■ Qr is complete (recall that every Riemannian metric is conformal to a complete 
one, [18]), and put a = Id/fl. Now, consider 7 parametrized by the t variable, 7(t) = (t,x(t)). 
As 7 is inextendible, the range of x{t) is not imprisoned in any compact subset and, as < •, • > is 
complete, its length is 00. Thus, || x'{t) \\ must diverge enough fast (Fig. 2). □ 

Now, consider our general product spacetime {M.,g) and any causal curve 7 :]a,6[— >• M., 7(t) = 
{t,x{t)). Following the Example A, we will impose to || x'{t) \\ "not to diverge too fast". As 
9(1': 7') < we have: 

-P + 2<d,x' > +Xmin II x' f< 0. (1) 
at each {t,x{t)); moreover, by using Cauchy-Schwarz inequality: 

X^i^Wx' -2\\d\\\\x' \\-(3<0. (2) 

Thus, II x' II can not be greater than the bigger root of the equality obtained from (2), that is: 

II x' II < (II 6 II +{X^^nP+ II 5 \\'y/')/X^,n. (3) 

This single fact, yields the next result. 

Proposition 3.1 For each positive integer n, put A4[n] = [—n,n] x Mq C M. If there exists a 
smooth function Fn on Mq for each n such that: 
(i) the next inequality holds for all {t,x) e 

"'"+<'"""''^^E^(t,.)<F„W. (4) 



mm 
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(a) the metric < ■, ■ >„=< ■, ■ > / F^ on Aio is complete, 
then each slice A4t = {t} x -Mq is a Cauchy surface. 
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Proof. Otherwise, there exists an inextendible causal curve 7 :]a,6[— > Al, 7(i) = {t,x{t)) with 
a or 6 finite. Assume b < 00 (the other case is analogous), and choose an integer n and a scalar 
a' < b such that —n < b < n, Max{— n, a} < a'. Then, by (3) and (4): 

II x' \\< Fn(x(t)), e [a',b[, 

that is, < x',x' >n< 1- Thus, this inextendible curve has finite length for < •, • >„, in contradic- 
tion with (ii). □ 

It is easy to impose reasonable sufficient conditions for the existence of such F„ and, thus, for 
the global hyperbolicity of the spacetime. Fix a point Xq G Mq and denote by do : A4q — > M the 
< •, • >-distance function to xq. Then, put: 



II (5 II 13 

Mn = Sup{ " ^ {t:X):\ L : (t,x) e M[n],do(x) > 1} e [0, 00] 

(If the diameter of Mq is not greater than 1, put M„ = for all n.) Note that the finiteness of 
M„ is independent of the chosen point Xq. 

Proposition 3.2 If the constants M„ above are all finite, then a set of functions F„, n as 
in Proposition 3. 1 can be found. 

Proof. Choose functions F„ = (1 + \/2)Mn- do out a suitable compact subset to obtain (4). The 
completeness of the metrics < ■, ■ can be proven by checking that the corresponding length of 
any diverging curve (say, starting at xq, with < •, • >-speed equal to 1) is oo.n 



Remark. Proposition 3.2 impose to || 6 \\ /\min and \Jl3/\min not to diverge in the x variable 
faster than do^x)] nevertheless, as F„ may change with n, it does not matter if they diverge fastly 
with t. 

As straightforward consequences, we have: 

Corollary 3.3 If M.q is compact then {Ai,g) is globally hyperbolic. 
Corollary 3.4 Assume that (A1,5') is stationary. If 



Sup{ " (a:), J ^ A ^) - xeMo, do{x) > 1} (5) 



is finite, then the spacetime is globally hyperbolic. 

In particular, it occurs if the induced metric gu — < a{-),- > is complete and there exist 
constants a, b, c, d such that, for x out a compact subset: 

II 6{x) \\< ado{x) + b, and \f^{x) < cdo{x) + d. (6) 
The static case is simpler and the natural sufficient condition becomes also necessary. 
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Proposition 3.5 The slices of a static spacetime {A4 = R x Mq, g — —(5dt^ + qr) are Cauchy 
surfaces if and only if the metric qr/ (3 is complete. 

Proof. Note that g is conformal to the product metric —dt'^+gu/ (3, which is globally hyperbolic 
if and only if Qr/ (3 is complete, [3, Theorem 2.53]. □ 

Remark. (1) Note that, ii Qr in Proposition 3.5 is complete, then the condition on (5 in (6) implies 
the completeness of qr/ (3. 

(2) Proposition 3.5 can be extended with the same proof replacing M by an open interval, that 
is, M. =]a, 6[x A^oi < a < 6 < oo. The extensions of the Propositions 3.1 and 3.2 to this case 
are also straightforward and, as a consequence, the Corollaries 3.3 and 3.4 still hold then. A more 
general version of Proposition 3.5 can be seen in [4, Proposition 3.7]. 

Examples (B.l). The two dimensional anti-dc Sitter spacetime, defined by M.q =] — 7r/2, 7r/2[, 
g — —dt'^/cos'^{x)+dx^/cos'^{x) , is static, complete (the metric qr = dx^ /cos'^{x) is complete too), 
and non geodesically connected. It is clear from Proposition 3.5 that it is not globally hyperbohc. 
Changing the function P = cos~'^ by a new positive function (3* satisfying 



a globally hyperbolic spacetime is obtained. (The geodesic connectedeness of metrics extending 
this example is studied in detail in [23] and the geodesic completeness in [20].) 

(B.2). Consider a warped metric g = —dt^ + fit^gR, where / is a positive function on 
(an interval of) M. If the Riemannian metric gR on Mq is complete, then the constants M„ in 
Proposition 3.2 are trivially finite, and the spacetime becomes globally hyperbolic. Otherwise, if 
gR is incomplete, the spacetime is not globally hyperbolic. One can check it from the Remark (2) 
above, putting g* — g/ f'^ and ds — dt/f. Then g* — ds'^ + gR and, so, neither g* nor the conformal 
metric g are globally hyperbolic (see [3, Theorem 2.55] for a more general result). 

4 Joining a point and a static trajectory. 

Under the sufficient conditions for global hyperbolicity in Section 3, one can claim that two points 
can be joined by a causal geodesic if and only if they are causally related. Now, we are going 
to study when this causal relation holds. As an application, some multiplicity results for the 
existence of timelike geodesies between points {ti, xi), {t2, X2) with | — i2 | large will be yielded. 
Throughout all this Section we will assume that each slice Alt is a Cauchy surface. 

Consider the future arrival time function Tq : A4 x A4o [0, 00] , 



If {ti, Xi) ^ {t, X2) for all t then the value of Tq is 00. Intuitively, this function assigns the infimum 
universal time to travel between (ti,Xi) and the static trajectory Rx^ — {_{t,X2) '■ t € M}. Dually, 
the past arrival time function Tq* is defined by: 




To((ti, x^),X2) = Inf {t - ti : (ti, Xi) < {t, X2),t e M)}, 



(7) 



T*{{ti, Xi),X2) = Inf {ti-t: {t, X2) < {ti, Xi),t e R)}, 



(8) 
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In a natural way, Tq is the future arrival time function for the spacetime obtained reversing the 
time-orientation. The properties of Tq have been studied in [22] , obtaining in particular: 

Lemma 4.1 (i) The relation {ti,Xi) < {t2,X2) holds if and only z/ To((ti, Xi), X2) < ^2 — ti, with 
equality if and only (^2,3^2) £ J'^{ti,xi) \ I'^{ti,xi). 
(a) To is a continuous function in both variables. 

Next, we are going to study when Tq is finite. As a first property, one has: 

Lemma 4.2 IfTo{{ti, xi), X2) < 00 then To{{t, xi), X2) < 00 for all t < ti. 

Proof. By hypothesis there exists ^2 > ^1 such that {ti,Xi) < {t2,X2). As {t,Xi) < {ti,Xi) for 
any t <ti, the result follows from the transitivity of the causal relations. □ 

The next result yields a natural sufficient condition for the finiteness of Tq. 
Proposition 4.3 If there exists a continuous function K : M.q ^]0, oo[ such that: 



^^\t,x)<K{x)t, J^it,x) <K{x)t (9) 



\/x e A4q, yt > 1, then the function Tq does not reach the value 00. 

Proof. Take (ti, Xi) G A^, X2 G A^o; and let x : [0, b] JAq be a curve joining xi and X2 with 
< x',x' >= 1. Consider the equation in t obtained by imposing that {t,x) is a future-directed 
lightlike curve joining {ti,Xi) and the static trajectory R^^, that is: 



- < 6,x' > +\ < 5,x' >2 +B < a(x'),x' > 
t'{s) = ^^—^ ^ {t{slx{s)) (10) 

with initial condition t(0) = ti. As x is fixed, call f{t, s) to the right hand side of (10). It is known 
from elemental theory of equations, that there exist a solution to (10) defined in all [0, b] if there 
is a positive number k such that: 

f{t,s)-f{ti,s)<k{t-ti) (11) 
\/t > ti (note that f{t,s)) > 0), and Vs G [0,6]. But using Cauchy-Schwarz inequality in (10): 

N II ^ II +\/\\ ^ P +P- >^max, , , , 

/(^, s) < L_ {t{s),x{s)) (12) 

Thus, under our hypothesis, putting K = Max{K{x{s)) : s G [0, b]}, we have: 

f{t,s) < {l + V2)Kt 
for t > 1, and the condition (11) can be achieved. □ 
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Remark. (1) It may be more convenient (even though it is not more general), to replace the bound 
K{x)t in Proposition 4.3 by Kit + K2, where Ki and K2 are two functions on Aio (or even to put 
different functions for each inequality). 

(2) The continuity of K is necessary. So, the bounds in (9) can be restated as: for each 
xq e M.0 there exist a neighborhood U 3 xq such that || S \\ /{Pt) and Xmax/iPf^) are bounded in 
f/x]l, oo[. Note that the behaviour of the metric for t — > —00 is not relevant (for the finiteness of 
Tq*, it is not the behaviour for t 00). 

Example. The pseudosphere (de Sitter spacetime) can be written as a product R x S'""^ 
with (iS"^^, <■,■>) the canonic Riemannian (n — l)-sphere, and a metric g with /3 = 1, 5 = 0, 
a(t,x) = cosh^{t)-ld; by Corollary 3.3 it is globally hyperbolic. The growth of \max/P in this 
case is exponential, and Tq reaches the value 00. In fact, a straightforward computation shows 
To((t, x), — x) = 00 for all {t,x) (see [19, Proposition 5.38]). More precisely, consider a globally 
hyperbohc warped metric (R x Mo, g — —dt^ + p{t) <•,•>) as in Example (2.B) at the end of 
Section 3. In this case, equation (10) becomes t'{s) — f{t{s)) and, thus. 



So, To remains finite on all M x Mo if and only if /q°° dt/f{t) = 00. □ 
As a consequence of Proposition 4.3, we have: 

Corollary 4.4 Assume that each slice Mt of M is a Cauchy surface, and a,P,5 have a periodic 
dependence of period A with the universal time t (in particular, when the spacetime is stationary). 



(i) Tq is never infinite, and 

(a) The quotient M/A obtained by identifying each pair {t,x), {t + A,x) & M is geodesically 
connected by timelike geodesies (in particular, it is totally vicious). 

Proof. The first assertion is obvious from the Proposition 4.3. For the second, take any 
zi = (ti+AZ, xi), Z2 = (t2+AZ, X2) & M/A and choose n eN such that t2+nA > To{{ti,xi),X2). 
Then (ti, xi) and {t2 + nA, X2) can be joined by a timelike geodesic, which projects in the required 
one. On the other hand, any spacetime such that for each couple of points there exists a timelike 
curve joining them is clearly totally vicious (see, for example, [15]). □ 

When the function Tq is finite, Avez-Seifert result can be used to yield the next multiplicity re- 
sult. Given (ti, xi), (^25 .^2) G -M call N{(ti,Xi), (t2, X2)) to the number of future-directed timelike 
geodesies joining the first point with the second one (up to reparametrizations) . 

Proposition 4.5 Assume that each slice Mt of M is a Cauchy surface, and the inequalities (9) 
hold. Let p be the cardinal of the fundamental group t:[Mo), and fix {ti,xi) e M : 
(i) If p is finite there exists A > such that 




Then: 



N{{ti,Xi),{t2,X2)) >P 



for all t2> ti + A. 

(a) If p is infinite then 



lim N{{ti,xi), {t2,X2)) 



= 00. 
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Proof. Consider the universal Lorentzian covering tt : A4' = Mq x W ^ Ai. The shoes of this 
spacetime are also Cauchy surfaces and it is straightforward to check from Proposition 4.3 that 
the corresponding arrival function Tq is finite. Then, the result follows fixing {t[,x'^) G 7r^^(ti, Xi), 
connecting it by a timelike geodesic with the static trajectories at each point of Tr~^{t2,X2), and 
projecting these geodesies in Al. □ 

Note that when To((ti, Xi), 0:2) > ^2— ti > then {ti,Xi) and (^2, X2) are not chronologically related 
(Lema 4.1) and, in particular, N{(ti,xi), (^2,2:2)) — 0. Then, as a straightforward consequence: 

Lemma 4.6 Given (ti,Xi) G A4 and X2 G Mq, X2 ^ Xi, there exist A > such that: t — ti < A 
if and only if N{{ti, Xi), {t, X2)) = 0. 

Proof. Take A = To((ii, xi), 2:2), and note that To vanishes only on the couples {{t,x),x) G 
M X Mq. □ 

Remark. Taking A* = ro*((^i) ^i); ^2) the next property holds: t — ti > —A* if and only if 

Ar((t,x2),(ti,xi)) = 0. 

So, if To = Tq* (in particular, in the stationary case) the constant A = To((ti, Xi), ^2) satisfies: 
I t — ti \< A if and only if {t,X2) and {ti,xi) are not chronologically related (if and only if 
N{{t,X2), (ti,a;i)) = N{{t,,xi), {t,X2)) = 0). 

On the other hand, from (10) it is not difficult to impose conditions yielding uniform bounds from 
below to I t' I , obtaining so obstructions to the chronological relations and sufficient conditions for 
N to vanish, as in the next result. 

Proposition 4.7 Assume that: 

\\S\\<Ms, ma<Xmin: TUp < P < Mp (13) 

for some Ms,ma,mp, Mp > 0. Then there exist m > such that: if \ t2 — ti \< m ■ dist{xi,X2) 
then {ti,xi) and (t2,X2) are not chronologically related (or, equivalently, N{{ti,xi), {t2,X2)) — 

N{{t2,X2),{tl,Xi))=0). 

(Note that the inequalities (13) imply that each slice A4t is a Cauchy surface by Proposition 3.2). 

Proof. Consider any timelike curve 7 = (t, x), \\ x' \— 1 joining two given points (ii, Xi), (^2, '^•i)- 
From the inequality corresponding to (10): 



,, , , |< 5, a;' >| , , , , , , < 5,x' >^ < a(x'),x' > , , . , 

t\s) |>-J — — i(i(s),x(s)) + y^^ — + — "--^ — {t{s),x{s)) 



Ms 

> + 

mp \ rn^p Mp 



' = m 



Integrating it 

I ^2 — ^1 \> m ■ length(a;) > m ■ dist{xi, X2) 
from which the result follows. □ 
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Note that the greater m above is: 

Inf{— -— ^, —7—7 ^ : (t, xi) e A1, X2 e Mo, and X2 + Xx) 

d%st\X\ , X2) distyxi , X2) 

Lemma 4.6 and Proposition 4.7 should be compared with the analogous ones obtained from VM 
(for example [16, Theorem 3.5.2] , see also [22]). 



5 Open questions and comments. 

Now, we can compare the results in the last two sections with those obtained by using VM. 

1. The hypothesis in Propositions 3.1 or 3.2 for global hyperbolicity are less strong than those 
in [13, Theorem 1.1] for the existence of a timehke geodesic. On the other hand, under 
these stronger assumptions there it is obtained the next variational characterization of the 
chronological relation: two points zi — {ti, xi), Z2 — (^2, X2) G A4 are chronologically related 
if and only if 

SuPteci(ti,t2)Inf^GCi(xi,x2) / {< Mx'),x' > +2 < S{z),x' > -p{z)t'^}ds < (14) 

where C^{ti,t2) (resp. C^{xi,X2)) denotes the set of C^-curvcs defined on [0,1] which join 
ti and t2 (resp. Xi and X2), and z = {t,x) : [0,1] M.. This characterization (14) is 
analogous to the one in [12], [14] for the existence of a timelike geodesic between two points 
in manifolds as the second region of Reissner- Nordstrom spacetime. In [23] it is shown 
that (14) can be also interpreted as a characterization of the chronological relation for these 
spacetimes. A related characterization for the stationary case is obtained in [16, Lemma 
3.5.1] under assumptions which imply global hyperbolicity. Then, it is natural to wonder: at 
what extent is the relation (14) valid as a variational characterization of the chronological 
relation? 

2. Global hyperbolicity and the finiteness of the functions Tq,Tq are usually imposed from a 
VM point of view to obtain geodesic connectedness. For example, the conditions (i), {ii) in 
[16, Theorem 3.4.3] or (1.2), (1.3), (1.5) and (1.6) in [13] imply global hyperbolicity (compare 
them with Corollary 3.4 and Proposition 3.2, resp.) On the other hand, the conditions in 
Proposition 4.3 for the finiteness of Tq, and the analogous ones for the finiteness of Tq*, are 
slightly weaker than the conditions (1.9) in [13] (see also [6, Theorem 1.1]). In this reference 
[13], this condition is introduced to make sure the topological non-triviality of the sublevels 
of the energy functional. Note also that stationary spacetimes automatically satisfy the 
finiteness of Tq and T^, and so, this condition is normally imposed from the VM point 
of view to obtain results on geodesic connectedeness. In fact, anti-de Sitter and de Sitter 
spacetimes are counterexamples showing that neither global hyperbolicity nor the finiteness 
of To and Tq* can be removed to obtain geodesic connectedness. Nevertheless, some technical 
additional conditions are assumed to obtain it from the VM point of view (see, for example, 
[13]) and it is natural to wonder at what extent are these technical assumptions necessary. 
That is. 
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if each slice Ait of {M.,g) is a Cauchy surface and the functions To, Tq remain finite, is 
{M.,g) geodesically connected? 

3. Consider the multiplicity result in Proposition 4.5 (ii) joined with the Propositions 3.1 or 
3.2 on global hyperbolicity. These results together can be seen as a multiplicity result for 
the existence of timelike geodesies with hypothesis: 

• weaker for the coefficients a, (3,5 than those in [13, Theorem 1.4], [16, Theorem 3.5.6], 
but 

• stronger for the topology of the manifold M.q than those in the quoted references (there 
it is assumed that M.q is not contractible, no assumption on 7r(A4o) is done). 

Then it is natural to wonder: is it possible to improve Proposition A.5(ii) by imposing to 
Mo just to be contractible? 
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